Introduction
We consider a section of a superconducting linear accelerator for the acceleration of protons between the initial energy El and the final energy E2 which correspond to a velocity range, expressed in terms of the relativistic velocity factor, between PI and P2.
We assume that the accelerator is a sequence of a number of identical periods, as shown in Figure  1 . Each period is made of a cryo-module of length lcq0 and of an insertion of length lins. The insertion is needed for the placement of focussing quadrupoles, vacuum pumps, steering magnets, beam diagnostic devices, bellows and flanges. It can be either at room temperature or in a cryostat as well. The cryo-module includes M identical cavities each of N identical cells, and each having a length L = NZ,, where I, is the length of a cell. Cavities are separated from each other by a drift space d. An extra drift of length 1, may be added internally, on both sides of the cryo-module, to provide the transition between cold and warm regions. Thus, l C q 0
= M N l , + ( M -1 ) d + 2 1 ,
There are two symmetric intervals: a minor one, between the two middle-points A and B, as shown in Figure 1 , which defines the interval of a cavity of length L+ (1; and a major one, between the two middle-points C and D, also shown in Figure 1 , which defines the range of aperiod of total length lcryo + lins. Thus the topology of a period can be represented as a drift of length 8, followed by M cavity intervals, and a final drift of length 8, where
Our goal is to dcterminc the motion ol' a test particle in thc longitudinal direction. After having derived the equations of motion in the linear approximation, we shall develop a matrix method to describe the motion. For this purpose, we assume that allperiods are identical, and that there is no energy change of the reference particle across a cryo-module. Acceleration is provided from one period to the next. The transfer-matrix method is very suitable for inclusion in a tracking or design computer code. Also, it allows estimation of the stability of the motion which may be disrupted by the insertion of drifts. Moreover, it is convenient for the estimation of motion mismatch in case the acceleration occurs at too large a rate.
At the end, we develop an operation model based on the assumption of constant energy gain per period. The choice of cryo-modules having all identical geometry and cavitykell configuration is dictated by cost and construction handling. But there is, nevertheless, a penalty, in most cases of minor magnitude, due to the reduced transit-time-factors when crossing cavity cells, all with length adjusted to a common p value, which'does not correspond to the particle's instantaneous velocity.
Longitudinal space-charge forces have not been included in the present analysis. 
The Linearized Equations of Motion
To describe the longitudinal motion of a single proton, let us take the canonically conjugated variables: the time delay 2 and the energy difference E with respect to the reference particle. We take also the longitudinal path length s as the independent variable. In the following a prime (') will denote derivative with respect to s.
We have
where v is the velocity of the test particle, vs that of the reference particle. After linearization, where c is the light velocity, Eo is the proton energy at rest, and p,, y, , respectively, the velocity and the energy relativistic factors of the reference particle.
If E is the total energy of the test particle, and E, that of the reference particle,
The energy equations are E' = eEacc cos (at),
where e is the proton electric charge,. Eacc the accelerating peak field, a the angul'ar frequency of the accelerating field, and t, t, the traversal time-instants through the rf cavities, respectively, of the test and the reference particle, and
Then e' = e Ea,,
After linearization
where $s = a r, is the synchronous rf phase angle.
Eq.s (4 and 10) arc thc linear equations of motion of the test particle. For a segment of the accelerating structurc, short enough to neglect the variation of p, 3 3 ys , by combining the two equations, we derive 2"' + K 2 z = 0 , with the restoring parameter
and Qs is the longitudinal oscillation angular frequency.
. .
Development of the Matrix Method
Let us now take z and z' as the variables that describe the motion of the test particle. z' is related to the energy difference E through Eq. (4). The status of motion can be represented by a columnvector of the two components cand z' to which we can apply a properly defined 2x2 transfer matrices. In a drift of length I, the transfer matrix is simply c 0 1 Define the transfer matrix M, between the two symmetry points A and B of a cavity-interval, as shown in Figure 1 , We can also derive the total transfer matrix per period taken between middle-points C and D as shown in Figure 1 . 
Beam Bunch Dimensions
The phase advance of the longitudinal oscillations is given by p, and ~l , , respectively, per cavity interval and per period. The amplitude function, which describes the beam bunch extension, has values pc and pP, respectively, between cavity intervals (middle-points A and B of Figure 1 ) and between periods (middle-points C and D of Figure 1 ).
Let AT be half of the bunch length in time units, and A& be half of the energy spread. In those middle points with symqetry, the bunch ellipse in the phase plane (T, E) is upright; consequently the bunch area s = n AT A& (24) If the bunch area S is known, one can then estimate the bunch length from Once the bunch length AT and area S are know, one derives the energy spread A& from Eq. (24). 
Stability of Motion
For the motion to be stable across a cavity interval or across aperiod, the values of the amplitude function given by Eq.s (17 and 22) must satisfy the relation .
PC,,
> 0
The value Pc is plotted in Figure 2 versus the rotation angle 0 for several values of the ratio q. In the limit d = 0, Pc = 1/K, and the motion is always stable. As the length of the insertion increases, with respect to the cavity length L, the permissible range of values of the rotation angle, that is of the accelerating gradient, reduces. The limit of stability, which is the maximum permissible value of 0, is given in Figure 3 where it is plotted versus the-ratio q. Similarly, the amplitude value Pp is plotted in Figure 4 versus the phase advance Mpc corresponding to M cavities, for several values of the ratio g / p, . It is scen that in the limit g = 0, pp = pc, and the motion is everywhere stable. 
Mismatch of Motion
We have assumed that the restoring. parameter K does not change across the length of aperiod. This assumption is justified when indeed the acceleration rate is not too high, and the energy change'of the reference particle is small compared to the total kinetic energy.
Complete matching of the motion as it progresses down the length of the linear accelerator is achieved by requiring that the amplitude value pp remains constant from a period to another.
From Eq. (22) we infer that this requires that in turn also pc and the phase advance pc per cavityinterval remain also unchanged. That is, from Eq.s (17 and 18), that the rotation angle 8, and thus the restoring parameter K are also constant. For a constant accelerating frequency a, and constant rf phase angle Qs, we derive the following condition for complete matching which assigns how the accelerating field E, , has to vary with the beam energy.
This condition is usually difficult to meet in practice. Thus a different, simpler mode of operation is proposed which assumes a constant energy gain per period, that is per cryo-module. Since all the cryo-modules are identical, with the same geometry, number of cavities and cells per cavity, this mode of operation leads to the same energy gain also per cavity and per cell everywhere. If we denote with U the energy gain per cell, the energy gain per cavity is MU and that per period is MNU. From Eq. (7) u = e I, E, , cos Qs .
The constant enersy-gain mode of operation yields to a constant accelerating field E,,,, so that the value of the restoring parameter K will vary and decrease with the beam energy. This will cause a continuous mismatch of the particle motion, that is a beam bunch dilution of an amount which depends on the acceleration rate, and on the length of the drift insertions. In analogy to the conventional approach used to describe the transverse motion, a beam bunch can be made to correspond to an ellipse in the phasc space (7, 7'). Between periods, the ellipse is described by the local amplitude function pp and the inclination function ap. To estimate the amount of mismatch as the motion progress, we assume that the dimensions of the beam bunch are exactly matched at the entrance of the linac section, where ap = 0 and p, is given by Eq.(22). It is well known then how to estimate the bunch ellipse rotation, dilation or contraction from one period to the next. This will yield an amplitude functions which in general will be different from pp, and an inclination function with values oscillating around zero. The propaption of the ellipse orientation and elongatioddilation across one period (from midpoint ''1" to midpoint "2") is given by
RF Power Considerations
The total rf power required to operate one cryo-module is the sum of three contributions: 
where G is a cell geometry factor of a value around 250 Po, and R, is the surface impedance, given in nohm, R, = R , ,
where R, , is the residual impedance with a value of about 20 nohni, Tk is the environment temperature in degrees Kelvin, and frf is the rf frequency in MHz.
The power dissipated to the high-order modes of the cavity in one cryo-module can be estimated from the equation
where frf is in MHz and the average beam current Zb in mA.
Note that, whereas the power P t I o~ dissipated to the high-order modes is constant, the wall-dissipated power PW varies from period to period. 
Cryogenic Power Considerations
The total cryogenic power per cryo-module that is required in a superconducting linac for protons.
is made of three contributions pcryo = where the power Pw dissipated on the cavity walls and the power P H~M dissipated to the highorder modes are already given, respectively, by Eq.s ( 39 and 42 ). The last contribution Ps is the static loss which is dissipated through the walls of the cryostat PS where typically Wcv0 = 5 W/m.
The AC power requirement depends on the conversion efficiency which, unfortunately, for cryogenic systems is quite low. It depends also on the final required temperature.
For an environment around 4.2 OK, one can expect qcryo -0.004.
Pulsed Superconducting Linacs
For the continuous mode of operation of a superconducting linac for protons, average and peak values are equal. This is not so for a pulsed mode of operation. In this case one defines a repetition rate frep, a pulse length Tp, and a duty cycle 6 Tp frep7 (47 ) which is the fraction of the total time when beam is present and accelerated. In this case, average and peak values, like beam current, rf power and so on, differ from each other. If all the accelerator and beam parameters defined above refer to peak values, the corresponding average values can be denoted within brackets, and in principle can be simply derived after multiplying the peak values with the duty cycle. There is one difference, that is, just before the beam is injected into the linac for acceleration, the rf cavities are to be refilled with rf energy. This takes an amount of time TF which has the effect of lengthening the duty cycle so that the total running time is Tp + TI-, 
Transverse Beam Confinement
' .
I $
The transverse motion of protons is confined with quadrupole magnets located in the insertions between cryo-modules. There are two possible arrangements: FODO and doublets. The first has a single quadrupole per insertion with alternating polarity from one insertion to the next. The second arrangement is made of a sequence of pairs of quadrupoles (doublets), of opposite polarity, per insertion. The gradient B' of quadrupoles varies with the beam energy, that is the magnetic rigidity Bp, so that the focussing parameter k = B' / Bp is constant. This will ensure continuous matching of the transverse motion.
I
Denoting with E, the normalized betatron emittance of the beam (for instance, the rms value), the rms beam radius at a quadrupole location where the amplitude function has the largest value PQ is Denoting with y~ the betatron phase advance per period of length L, = lcryo + lins, in the case of the FODO arrangement, using the thin-lens approximation, In order to make comparisons of different linac designs, and to allow analysis of trading between cost and performance, it is useful, at the design stage, to have some guidance on the estimating of the cost of a superconducting linac. The following are simple parametric estimates which are to be taken with caution; they provide only an indication of the behavior of the overall cost, and should be followed by a more-detailed engineering cost estimate, once all the accelerator components have been identified. The Operation Cost depends on the availability ( 75 %I ) required over one-ycar pcriod of the accelerator, and is eventually given as the cost for one-year operation as well as thc cumulative cost over a longer period of time ( -LO years ). Most of the cost is the electricity bill which can be estimated as 0.05 $kWh of total AC power, which is'an average of the electricity cost across the United States. We are not including here cost for maintenance, replacement material, and labor for operation.
The linear accelerator can also be rated with an efficiency parameter: the ratio of average the beam power to the total required AC power.
An Example of Spallation Neutron Source
The following is an example of a 2.4-GeV superconducting linac which can be used as a Spallation Neutron Source. One can conceive three modes of operation, shown also in Lon2 Pulses (LP) of protons in the millisecond range. The linac is operated at either 10 or 60 pulses per second with a duty cycle of 1 to 10%. A 30-mA positive-ion source is still required which can be pulsed accordingly, but no beam chopping is needed. The average beam power ranges between 1 and 6 MW depending on the pulse length and on the repetition rate. The linac needs to be pulsed.
Short Pulses (SP) of microsecond duration of protons. This can be obtained only by injecting the beam, in many turns, in one Conipressor Ring, with a negative-ion source, and the charge-exchange injection method, for a more efficient transfer ol' the. beam into the Ring. Moreover, the beam will have to be pre-chopped by about 60%. Expected average beam power will range between 1 and 5 MW, depending on the linac pulse length and on repetition rate.
, I
The Linac itself is made of four sections. The first section includes the ion sourcc, two RFQs for acceleration to 5 MeV, and a conventional, normal-conducting Drift Tube Linac for acceleration to 100 MeV. The front-end section operates at the frequency of 350 MHz, and the DTL at 700 MHz, to allow funneling of two ion beams, if it is required in the future. The superconducting linac is made of the three following sections, all operating at 700 MHz. The first section accelerates from 100 to 300 MeV, the second from 0.3 to 1.2 GeV, and the last section from 1.2 to. 2.4
GeV. The division in sections allows ranges of beam velocity p sufficiently narrow that one can operate them with constant cryo-module configuration without too much loss of accelerating ,oradient, because of the reduced transit-time factors. In each of the three superconducting sections the cavity-cell length I , is adjusted to yield the optimum transit-time factor at an intermediate p value. The major parameters of the superconducting Linac are shown in Table 1 , and those for each of the threc sections in Table 2 . The cavity filling times TF are shown in Figure 15 .
For the Long-Pulse mode of operation, the average available beam power and the average required rl' powcr can be cxpresscd-,as.l'unctions of the bcani pulse length TI, and the rcpclition rate frc,. The suniinary is given in. Figures 16 and 17 Beam pulses of shorter lengths, around a microsecond, can be obtained only with a negative-ion source and by accumulating several beam turns in one Accumulator Ring, where the beam can be compressed to the required length. For this mode of operation, the beam is to be chopped at a ratio q = 60%, at the revolution frequency of the Accumulator Ring. Moreover, the Linac is to be pulsed at a repetition rate which is either 10 or 60 Hz. Assuming a beam peak power of 60 MW, an average beam power of 5 MW at the repetition rate of 60 Hz, with a chopping ratio of 60%, requires a pulse length of2.315 ms. Taking a maximum of 1000 beam turns injected into the Accumulator Ring, one derives 666 m for the circumference of the Ring. The summary of parameters for the Short-Pulse mode of operation is given in Table 3 . 
